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Abstract
We explain the necessity of application of semi-metric in general relativity. A detailed discussion
on the energy-momentum conservation in the general relativity is presented using the mathematical
tool of semi-metric. By means of the general covariant spacetime translation transformation, the
most general covariant conservation law of energy-momentum is obtained, which is valid for any
coordinates and overcomes the flaws of the expressions of Einstain, Landau and Moller.
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I. INTRODUCTION
The energy-momentum conservation in the general relativity still remains an open ques-
tion. Since there is no reasonable expression for gravitational energy as of today, the radi-
ating of gravitational field and other important issues in general relativity can’t be solved.
Therefore, the energy-momentum conservation law is one of the most fundamental questions
in general relativity. There are some discussions about this topic [1] recently. However, there
is no satisfied answer yet.
In the early stage of general relativity, Einstein and Tolman proposed a general conser-
vation law as [2,3]
∂
√
gθki
∂xk
= 0, (1)
θki = T
k
i + t
k
i,can, (2)
where T ki is the energy-momentum tensor for matter appearing on the r.h.s of the Einstein
equation
Rki −
1
2
δki R =
8pik
c4
T ki (3)
and tki,can is the canonical energy-momentum tensor of gravitational field which is a pseu-
dotensor or affine tensor, instead of a Riemann tensor, i.e, it can be regarded as a tensor
only with the linear transformation,
tki,can =
1√
g
[
δki Lg −
∂Lg
∂glmk
glmi
]
. (4)
Lg is the Lagangian of gravitional field Lg multiply with
√
g, i.e.
Lg =
√
gLg,
Lg =
c4
16pik
gkl
[
ΓiljΓ
j
ki − ΓilkΓjij
]
. (5)
With Eq. (1) and the four dimensional Gaussian theorem, one obtains the four-momentum
for the closed system
Pi =
1
ic
∫
θki
√
gdσk, (i = 1, 2, 3, 4) (6)
or
Pi =
1
ic
∫
θ4i
√
gdV (7)
which is a time-independent conserved quantity.
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H. Bauer [4] and E. Schrondinger [5] realized that the above definition of energy-
momentum tensor has a serious problem. Based on the definition (2) and (6), the total
energy of a closed system is finite and reasonable only in the quasi-Galilean coordinates. In
other coordinates, for example the spherical coordinate, such total energy is divergent. In
addition, the energy density of vacuum (without any matter and gravitational field) should
be zero. However, such energy density in the spherical coordinates is nonzero with their
definition.
Landau [6] once adopted a different approach and suggested that the energy density of
gravitational field should be described by the symmetric energy-momentum pesudotensor
tik and the four momentum should carry the contravariant index in order to obtain the
conservation law of moment. However, his theory is also only valid in the quasi-Galilean
coordinates and suffers the same flaws as Einstein’s proposal.
C.Moller [7] investigated recently the problem of energy conservation law in general rel-
ativity and found that the essential reason for Einstain’s expression of gravitational energy
not working in the non-quasi-Galilean coordinate is that the θ4i in Eq. (7) is not a vector
under the pure space coordinate transformation. In order to solve this problem, Moller pro-
posed a new expression for energy-momentum tensor which gives the total four momentum
in a closed system independent of the choice of coordinates. Furthermore he argued that
new theory is valid even for an non-closed system. However, Moller himself [8] later real-
ized in 1960 that the new θ4i includes a term decay to zero as 1/r
3 when r goes to infinity.
Therefore, this theory still can not specify the correct energy-momentum conservation law.
From Eq. (6) one can find that index k of θki or t
k
i will be summed with
√
gdσk and other
index i give the index for momentum Pi. Since Pi is a conserved quantity for a closed system
which can undergo only inertial motions, and initial frames are connected by the Lorentz
transformations, the index i of θki corresponding to momentum Pi shows the property of
tensor only under Lorentz transformation, i.e. θki is an affine tensor for index i. Therefore,
it is reasonable that the index i only allows the Lorentz transformation. However, both
indices k, i of the energy-momentum tensor θki defined by Einstein and Tolman are affine
indices instead of Riemann indices, i.e., except index i, the index k sum with volume element
√
gdσk is a tensor index only for linear transformation (the same as the Landau’s theory). It
is well recognized nowadays that this is the main reason for those theories give total energy
dependent on the choice of coordinates. Moller and others are paying efforts recently to
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improve the covariance of θki . We believe, this problem can be solved if the index k in θ
k
i is
a Riemann index hence the sum with
√
gdσk is a Riemann tensor contraction. At the same
time, with the momentum index i of Pi given a special meaning in a certain sense, the flaws
in the old expressions can be overcome.
In addition, the physical reason that the previous definition of energy momentum tensor is
valid only in the quasi-Galilean coordinates is that those energy-momentum tensors include
the inertial force field besides gravitational field.
In principle, any physical law including energy-momentum conservation law in general
relativity should be generally covariant (except the coordinate condition). Theories satisfy-
ing above criteria will be valid in any coordinates. Furthermore, the four momentum will not
contradict with the equivalent principle if the momentum includes only gravitational field
while excluding inertial force field. The choice of coordinate condition is to fix the reference
coordinates, therefore the coordinate condition should not be generally covariant (or else gik
will be the same for all coordinates). It seems impossible to obtain generally covariant ex-
pression for energy-momentum tensor in the general relativity because the conservation law
(1) is not generally covariant even if the energy-momentum tensor θki is a Riemann tensor.
The reason is that we can’t obtain the conserved quantity (6) with Gauss theory if eq.(1) is
written in a generally covariant form,
(
θki
)
k
=
1√
g
∂
(√
gθki
)
∂xk
− 1
2
∂gkl
∂xi
θkl = 0.
We believe that afore mentioned problems can be solved by introducing the semi-metric.
Moller mentioned similar idea in his recent work [8], but the covariant conservation law and
unique problem have not been solved so far.
In this paper, we explain the necessity of application of semi-metric in general relativity.
A detailed discussion on the energy-momentum conservation in the general relativity is
presented using the mathematical tool of semi-metric. By means of the general covariant
spacetime translation transformation, the most general covariant conservation law of energy-
momentum is obtained, which is valid for any coordinates and overcomes the flaws of the
expressions of Einstain, Landau and Moller.
4
II. SEMI-METRIC
Gravitational field can be described by metric gik. However, It can be described by
semi-metric just as well. We will mainly discuss this tool in this section.
The relation between metric and semi-metric is [9,11,12,20]
gik = λi(α)λk(α), ‖gik‖ =
∥∥λi(α)∥∥2 ,
√
g =
√
|gik| = |λi(α)| 6= 0; (8)
and
λi(α)λi(β) = δαβ ,
λi(α)λj(α) = δ
i
j ; (9)
where λi(α) is the element of inverse matrix
∥∥λi(α)∥∥−1, λi(α) and λi(α) are Riemann tensors for
index i. Later we call gik as the fundamental field metric representation while λ
i
(α) as the
fundamental field semi-metric representation. (The unique problem of λi(α) will be discussed
in the appredix IV.)
With (8), the orthogonal transformation group of λi(α) keeps gik invariant
λ′i(α) = L(αβ)λi(β)
L(αβ)L(αγ) = δ(βγ), (10)
i.e.
g′ik = λ
′
i(α)λ
′
k(α) = λi(α)λk(α) = gik. (11)
With the definition
dx(α) ≡ λi(α)dxi
or
dxi = λi(α)dx(α), x
4 = ict, (12)
one can obtain
dS2 = −gikdxidxk = −dx(α)dx(α). (13)
From above result one can find that dS2 is an invariant for the orthogonal transformation
(10) or
dx′(α) = L(αβ)dx(β). (14)
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However, in general dx(α) is not a total derivative. Only in the region where the gravitational
field vanishes can it be regarded as a total derivative. In this case dS defined in (13) is that in
the psedo-Euclidean space. Therefore, in the gravity-free region, orthogonal transformation
group (10) or (14) is just the usual Lorentz group.
It is seen from above discussion that there are two kinds of transformation groups in the
general relativity
(a) general transformation group of Riemann tensor
xi′ = f i
(
x1, x2, x3, x4
) ∣∣∣∣ ∂f i∂xk
∣∣∣∣ 6= 0; (15)
(b) orthogonal tranformation group of semi-metric tensor
λ′i(α) = L(αβ)λi(β)
or
dx′(α) = L(αβ)dx(β),
∣∣L(αβ)∣∣ 6= 0. (16)
Every physical law should keep covariant respect to the above two transformation groups.
Next let’s construct the theory of general relativity from the viewpoint of semi-metric
λi(a). Mathematically there is no essential difference to work with either metric represen-
tation or semi-metric representation. However, the semi-metric as the fundamental field of
gravity has more general meaning than the metric in physics. For example, we can write the
reasonable interaction between gravity and other particles, especially with the spinor fields,
only in the semi-metric representation instead of metric one. Moller, Fock, Infeld [8,20,16]
and one of authors [14,15] all pointed out this problem. In this work we will show that
the energy-momentum conservation law in the general relativity can only be solved with
semi-metric.
In order to present the theory of general relativity based on semi-metric, we need derive
the Einstein equations (3) by varying λi(a) based on the principle of least action. Let I is
the action of gravity and matter
I =
∫
L
√
g (dx) =
∫
L (dx) , (17)
where
L = Lλ + Lm, L ≡ √gL;
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Lλ is the Larangian of gravity in the semi-metric representation, Lm is the Lagrangian for
matter and L is the total Lagangian. According to the requirement of general covariance,
the action I should be Riemannian scalar. Since
√
g (dx) is a scalar volume element, Lλ and
Lm should also be the Riemannian scalars. In order to fulfill the requirement, we follow the
method of ordinary metric to find Lλ from Riemannian scalar curvature R.
There is the relation between curvation Rmjlk and semi-metric λ
m
(a)
(
λm(a)
)
ik
− (λm(a))kj = −λl(a)Rmljk. (18)
With
Rlk = R
m
lmk, R = g
lkRlk (19)
and Eq. (9) we can find
R = λk(a)
[(
λj(a)
)
kj
−
(
λj(a)
)
jk
]
; (20)
With
(
gkj
)
l
= 0 one obtain
λk(a)
(
λj(a)
)
l
= −λj(a)
(
λk(a)
)
l
. (21)
It is easy to find
√
gR =
√
gG− 2 ∂
∂xi
[√
gλi(a)
(
λj(a)
)
j
]
,
and
G ≡
[(
λi(a)
)
i
(
λj(a)
)
j
− (λi(a))j
(
λj(a)
)
i
]
. (22)
The second term of r.h.s for
√
gR is a 4-dimensional divergence. With Gauss theorem and
the variation should be zero at the boundary, one can prove that
δ
∫
R
√
g (dx) = δ
∫
G
√
g (dx) . (23)
Therefore we can define the Lagangian with semi-metric as c
4
16pik
G, i.e.
Lλ =
c4
16pik
[(
λi(a)
)
i
(
λj(a)
)
j
− (λi(a))j
(
λj(a)
)
i
]
. (24)
With the relation between covariant derivative of semi-metric and Ricci coefficient η(αβγ)
(
λi(β)
)
j
= λi(γ)λj(α)η(αβγ) (25)
Lλ can be expressed as
Lλ =
c4
16pik
[
η(α)η(α) − η(αβγ)η(γβα)
]
, (26)
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where
η(αβγ) =
1
2
{∂λσ(α)
∂xλ
[
λλ(β)λ
σ
(γ) − λλ(γ)λσ(β)
]
+
∂λσ(β)
∂xλ
[
λλ(α)λ
σ
(γ) − λλ(γ)λσ(α)
]
+
∂λσ(γ)
∂xλ
[
λλ(β)λ
σ
(α) − λλ(α)λσ(β)
]
, (27)
η(α) = η(βαβ) =
1√
g
∂
√
gλi(α)
∂xi
=
(
λi(α)
)
i
. (28)
There is an important difference between Lλ and the Lagrangian Lg in Eq. (5) with met-
ric. Firstly, one can find with (24) that Lλ is a Riemannian scalar expressed by covariant
derivative of λi(α), which is essential to obtaining the general covariant conservation law. In
contrast Lg defined in (5) is not a Riemannian scalar hence lacking above properties. Sec-
ondly, it is easy to show that the difference between
√
gLλ and
√
gLg is just a 4-dimensional
divengence ∆:
√
gLλ =
√
gLg +∆,
∆ =
c4
16pik
∂
∂xi
[
√
g
(
λi(α)
∂λj(α)
∂xj
− λj(α)
∂λi(α)
∂xj
)]
. (29)
Later we will find that this divengent term is useful to get the conservation law, although it
will not contribute to the variation of the action and equations of motion.
Now let’s derive the equations of gravity by the principle of least action
δI = δ
∫
L (dx) = 0. (30)
With
δ
∫
L (dx) =
∫
[L]λi
(α)
δλi(α) (dx) , (31)
[L]λi
(α)
≡ ∂L
∂λi(α)
− ∂
∂xj
∂L
∂λi(α)j
, λi(α)j ≡
∂λi(α)
∂xj
. (32)
and (30) one finds
[L]λi
(α)
= 0,
i.e.
[Lλ]λi
(α)
+ [Lm]λi
(α)
= 0, (33)
where
Lλ ≡ √gLλ, Lm ≡ √gLm.
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On the other hand, with
δ
∫
G
√
g (dx) =
16pik
c4
δ
∫
Lλ (dx) =
16pik
c4
∫
[Lλ]λi
(α)
δλi(α) (dx) , (34)
and the ref. [6], Eq. (8) and the symmetry of gik and Rik
δ
∫
R
√
g (dx) =
∫ (
Rik − 1
2
gikR
)
δgik
√
g (dx)
=
∫ (
Rik − 1
2
gikR
)(
λi(α)δλ
k
(α) + λ
k
(α)δλ
i
(α)
)√
g (dx)
= 2
∫ (
Rik − 1
2
gikR
)
λk(α)δλ
i
(α)
√
g (dx) , (35)
we can find from (23)
Rik − 1
2
gikR =
8pik
c4
1√
g
[Lλ]λi
(α)
λk(α). (36)
Defining the energy-momentum tensor of matter as
Ti(α) ≡ − 1√
g
[Lm]λi
(α)
, (37)
Tik = Ti(α)λk(α);
with (33) we can immediately get the Einstein equations
Rik − 1
2
gikR =
8pik
c4
Tik. (38)
Then we show that the Einstein equations could be obtained by varing λi(α) with the
gravitaional Lagrangian Lλ defined in the semi-metric representation (24). This clearly
proves that semi-metric λi(α) can be regarded in deed as the fundamental field of gravity.
III. GENERALLY COVARIANT ENERGY-MOENTUM CONSERVATION LAW
In this section we will study the generally covariant conservation law based on the La-
grangian defined by semi-metric in previous section. What we are about to obtain is a
conservation law that is generally covariant, i.e. the conservation law valids in the arbitrary
coordinates. This will solve the long-standing problem of energy-momentum conservation
law pointed out by Einstain, Landau and Moller discussed in the introduction.
In the classical field theory, Noether theorem tells us that the invariance of the total
action of a system under certain transformations correspond to a conserved quantities. We
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will study the energy-momentum conservation law in general relativity based on such a well
established viewpoint.
The action
I =
∫
G
L
(
vA, vAi
)
(dx) =
∫
G
L
(
vA, vAi
)√
g (dx) (39)
keeps invariant under the infinitesimal transformation
x→ x′ = x+ δx
vA (x)→ vA (x′)′ = vA (x) + δvA (x) . (40)
where vA (x) are any fields including gravitational field and matter field, A is the index
for the component of fields, vAi (x) ≡ ∂v
A(x)
∂xi
. Suppose δvA (x) vanishes at the boundary of
4-dimensional volume G, then one can prove that (see Ref. [17] and [18]):
∂
∂xk
(
Lδxk − ∂L
∂vAk
vAl δx
l +
∂L
∂vAk
δvA
)
+ [L]vA
(
δvA − vAl δxl
)
= 0. (41)
If L is the total action of the system, with the principle of least action δI = 0, varying L by
vA gives the Euler equation
[L]vA =
∂L
∂vA
− ∂
∂xi
∂L
∂vAi
= 0. (42)
Then with (41), for transformation (40) there is a conservation law
∂
∂xk
(
Lδxk − ∂L
∂vAk
vAl δx
l +
∂L
∂xAk
δvA
)
= 0. (43)
Eq. (42) is the equation of motion for vA from the principle of least action.
Here we want to emphasis that (41) is valid only if L is invariant for transformation (40),
even L in (41) is not the total Langangian. However, in case I is not the total action, δI 6= 0
leads (42) and (43) invalid.
When we study the gravitational field with semi-metric representation, the Lagrangian
in (39) should include the Riemannian scalar with the semi-metric λi(α) and its first order
derivative. Since λi(α) is a contravariant tensor, the action I is invariant under the following
transformation
x′ = x+ δx, λi′(α) =
∂xi′
∂xl
λl(α). (44)
The second transformation in (44) can be written with general infintesimal transformation
λi′(α) = λ
i
(α) + δλ
i
(α), δλ
i
(α) =
∂δxi
∂xl
λl(α). (45)
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When the field in (41)is the gravitational field λi(α), i.e. v
A = λi(α), one can find an important
result
∂
∂xk
[
(
Lδkl −
∂L
∂λi(α)k
λi(α)l
)
δxl +
∂L
∂λi(α)k
λl(α)
∂δxi
∂xl
]
+ [L]λi
(α)
[
∂δxi
∂xl
λl(α) − λi(α)lδxl
]
= 0. (46)
When I is the total action, i.e. L = Lλ + Lm, we can get the equations for gravitational
field corresponding to (42)
[L]λi
(α)
= 0, (47)
and the conservation law corresponding to (43)
∂
∂xk
[(
Lδkl −
∂L
∂λi(α)k
λi(α)l
)
δxl +
∂L
∂λi(α)k
λl(α)
∂δxi
∂xl
]
= 0. (48)
From previous discussion one can find that (47) is just the Einstein equtions for gravity. The
conserved quantities determined by (48) and Gauss theorem is specified by total Lagrangian
L. An important property of gravitational theory is that the conservation law of gravitational
field and matter field can be expressed by the Lagrangian of gravitational field Lλ only,
independent of the matter field Lm. As will be discussed later on, this unique feature is
directly related to some properties of Einstein equation. In the following, one can find that
it is very convenient to study the concrete problems when the conservation law is expressed
only by the gravitational field Lλ.
In order to express the conservation law only by the gravitational field, we replace the
total L by the Lλ in Eq. (46). Since Lλ is invariant under the transformation (44) and (45),
Eq. (46) is still correct. However, since [L]λi
(α)
is not zero, (46) can be expressed as
∂
∂xk
[
(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
δxl +
∂Lλ
∂λi(α)k
λl(α)
∂δxi
∂xl
]
+ [Lλ]λi
(α)
∂δxi
∂xl
λl(α) − [Lλ]λi
(α)
λi(α)lδx
l = 0. (49)
With the relation (see Appedix (I.1))
∂
∂xk
{
[Lλ]λl
(α)
λk(α)
}
= − [Lλ]λi
(α)
λi(α)l (50)
one can obtain
[Lλ]λi
(α)
λi(α)lδx
l = − ∂
∂xk
{
[Lλ]λl
(α)
λk(α)δx
l
}
+ [Lλ]λl
(α)
λk(α)
∂δxl
∂xk
. (51)
11
By (51), eq. (49) can be simplified as
∂
∂xk
{[(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
+ [Lλ]λl
(α)
λk(α)
]
δxl +
∂Lλ
∂λi(α)k
λl(α)
∂δxi
∂xl
}
= 0. (52)
which is again the conservation law corresponding to transformation (44) and (45). However,
it is now a conservation law given by gravitational Lagrangian only, different from (48).
Up to now, we studied the general conservation law. Next, we will consider the energy-
momentum conservation law. The generally covariant conservation law for the energy-
momentum corresponds to the general translation transformation. Let δxi in Eq. (44)
is the vector in the Riemannian manifold,
δxl = λl(β)δx(β) (53)
the general translation transformation is
δx(β) = a(β), (β = 1, 2, 3, 4)
where a(β) are infinitesimal parameters for translation independent of x. When λ(β) is fixed,
the translation transformation is unique. Therefore, the general translation transformation
can be expressed as
xl′ = xl + λl(β)a(β). (54)
Without gravitational field, λl(β) = δ
l
(β), (54) reduces to the trivial translation tranformation
xl′ = xl + al. With
∂δxi
∂xl
=
∂λi(α)
∂xl
a(α) (55)
and substituting (53) to (52), we find the conservation law corresponding to the general
translation transformation
∂
∂xk
{(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
λl(β) + [Lλ]λl
(α)
λk(α)λ
l
(β) +
∂Lλ
∂λi(α)k
λl(α)
∂λl(β)
∂xl
}
= 0. (56)
With (37) and (31), the second term in the brace bracket of (56) has direct relation to
energy-momentum tensor of matter T k(β)
T k(β) =
1√
g
[Lλ]λl
(α)
λk(α)λ
l
(α). (57)
Defining
tk(β) =
1√
g
[(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
λl(β) +
∂Lλ
∂λi(α)k
λl(α)
∂λl(β)
∂xl
]
(58)
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Eq. (56) can be simplifed as
∂
∂xk
[√
g
(
T k(β) + t
k
(β)
)]
= 0. (59)
Since T k(β) is the energy-momentum tensor of matter, t
k
(β) defined in (58) should be the
energy-momentum tensor for the gravitational field. These tensors have both semi-metric
index and Riemannian index, which is essentially different from those energy-momentum
tensor with only Riemannian index.
When the system is closed, i.e. the total energy-momentum tensor vanishes at the infinity
of 3-dimensional space (see Appendix III), using Eq. (59) and 4-dimensional Gaussian
theorem we obtain∫
σ1
(
T k(β) + t
k
(β)
)√
gdσk =
∫
σ2
(
T k(β) + t
k
(β)
)√
gdσk = const (60)
where 4-dimensional spacetime is made by the hypersurface σ1 and σ2, and the infinity side
face Σ. It is clear that
P(α) =
1
ic
∫
σ
(
T k(α) + t
k
(α)
)√
gdσk (61)
is the conserved quantity. This conserved quantity is obtained under the general translation
transformation (54), therefore it is the four momentum of gravity and matter. When σ
is chosen as the hypersurface perpendicular to time axes t, (61) can be written as the 3-
dimensional volume intergral
P(α) =
1
ic
∫
V
(
T 4(α) + t
4
(α)
)√
gdV. (62)
Then
G(α) =
1
ic
(
T 4(α) + t
4
(α)
)√
g (63)
is the density of total 4-momentum which leads to
P(α) =
∫
G(α)dV. (64)
Here one should pay attention to the index (α) of 4-momentum P(α). It is the index of semi-
metric and is different from the ordinary theory. Einstein and Moller used the covariant
index to define their 4-momentum, Landau used the contrariant index. Later we will discuss
the physical meaning of semi-metric index and its advantages.
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Next we will study the specific expressions of tk(α) and T
k
(α)+ t
k
(α). With the antisymmetric
relation between k and l (see appendix (II.4))
∂Lλ
∂λk(α)k
λl(α) = −
∂Lλ
∂λi(α)l
λk(α), (65)
tk(α) defined in (58) can be rewritten as
tk(α) =
1√
g
{
Lλδ
k
l λ
l
(β) −
[
∂Lλ
∂λi(α)k
λi(α)lλ
l
(β) +
∂Lλ
∂λi(α)l
λi(β)lλ
k
(α)
]}
. (66)
Substituting the expression of Lλ (26) into (66)and using relation (27) and (28), we obtain
the expression for the energy-momentum tensor tk(α) for gravitational field after lengthy
calculation
tk(α) =
c4
16pik
{λk(α)
[
η(β)η(β) − η(δβγ)η(γβδ)
]− 2λ(β) [η(β)η(α) − η(δβγ)η(γαδ)]
−2λk(γ)
[
η(β)η(αβγ) + η(β)η(βαγ)
]
+ 2λk(δ)η(αβγ)η(γβδ) (67)
which is very useful when we calculate the energy of gravitional field.
With the above expression and (61) one can find that the 4-momentum of gravitational
field defined by tk(α) is determined totally by Ricci coefficient η(αβγ) and η(α) due to the
contraction between index k in λk(α) and
√
gdσk. From Ref. [12] and [13], the existence of
gravitation field is fully determined by nonvanishing Ricc coefficients, which confirms that
tk(α) is indeed the energy-momentum tensor of gravitational field and there is no inertial part
in the 4-momentum defined by tk(α). In vacuum, i.e. the flat spacetime all Ricci coefficient
η(αββ) and η(α) are zero in any coordinates. Therefore the energy-momentum tensor t
k
(α) and
its 4-momentum are zero in arbitrary coordinates, which solves the puzzle appears in those
theories proposed by Einstein et al.
Furthermore, with the relation from Appendix (II.3){(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
+ [Lλ]λl
(α)
λk(α)
}
= − ∂
∂xj
[
∂Lλ
∂λl(α)j
λk(α)
]
(68)
one can find an important result[
Lλδ
k
l λ
l
(β) −
(
∂Lλ
∂λi(α)k
λi(α)lλ
l
(β) +
∂Lλ
∂λi(α)l
λi(β)lλ
k
(α)
)]
+ [Lλ]λl
(α)
λk(α)λ
l
(β)
= − ∂
∂xj
[
∂Lλ
∂λl(α)j
λk(α)λ
l
(β)
]
. (69)
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Substituting (57) and (66) into above expression and utilizing (65), the total energy-
momentum tensor T k(β) + t
k
(β) can be simplified as the following 4-dimensional divergence
√
g
(
T k(β) + t
k
(β)
)
=
∂vkj(β)
∂xj
, (70)
where
vkj(β) =
1
2
[
λi(β)
(
λj(α)
∂Lλ
∂λi(α)k
− λk(α)
∂Lλ
∂λi(α)j
)]
, (71)
and the index k and j are antisymmetric. Using the expression of Lλ in (24), after lengthy
calculation one can find the expression of vkj(α)
vkj(α) =
√
gV kj(α), (72)
V kj(α) =
c4
8pik
[
λi(α)λ
k
(β)
(
λj(β)
)
i
+
(
λk(α)λ
j
(β) − λj(α)λk(β)
) (
λi(β)
)
i
]
, (73)
or expressed by the Ricci coefficients
V kj(α) =
c4
8pik
[
λk(β)λ
j
(γ)η(αβγ) +
(
λk(α)λ
j
(β) − λj(α)λk(β)
)
η(β)
]
. (74)
In terms of the antisymmetric property of k and j in vkj(α), with (70), (62) and 3-dimensional
Gaussian theorem, the 4-momentum P(α) can be expressed as a surface integral
P(α) =
1
ic
∫
S
v4j(α)dSj, (75)
where S is the closed surface to enclose the 3-dimensional volume V . When we consider
the closed system, S is the close surface at infinity. Thus P(α) is only determined by the
quantities on the surface at infinity, which will be very convenient for the actual calculations.
At the end of this section, we discuss the general covariance of our energy-momentum
conservation law. Firstly from (73) it is evident that V kj(α) is a 2-rank Riemannian tensor
with antisymmetric index k and j expressed in terms of semi-metric λi(α) and its covariant
derivatives ( index (α) is vectorial in the semi-metric representation and a scalar in Rieman-
nian space [9,12,13]). Then with (70) and (72) the total energy-momentum tensor is the
covariant derivative of V kj(α)
T k(α) + t
k
(α) =
1√
g
∂
(√
gV kj(α)
)
∂xj
=
(
V kj(α)
)
j
. (76)
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With this result it is clear that T k(α) + t
k
(α) is a Riemannian tensor for index k. Since T
k
(α) =
T ki λ
i
(α) and T
k
i is a (1+ 1) tensor in the Riemannian space, T
k
(α) is also a Riemannian tensor
for index k. Hence, the gravitational energy-momentum tensor tk(α) is also a Riemann tensor
with respect to index k, as can be seen from (67).
Since T k(α) + t
k
(α) is a Riemannian tensor, the conservation law (59) of gravitational and
matter field can be written as the generally covariant divergence
1√
g
∂
[√
g
(
T k(α) + t
k
(α)
)]
∂xk
=
(
T k(α) + t
k
(α)
)
k
= 0. (77)
Substituting (76) to (61) one can obtain the 4-momentum
P(α) =
1
ic
∫
σ
(
T k(α) + t
k
(α)
)√
gdσk =
1
ic
∫
σ
(
V kj(α)
)
j
√
gdσk. (78)
Since
√
gdσk is a covariant surface element in the 4-dimensional Riemann manifold, the
above formular of P(α) is valid for arbitrary coodinates. Furthermore we can express (78) as
a 2-dimensional integral
P(α) =
1
ic
∫
S
V kj(α)
√
gdSkj =
1
ic
∫
S
vkj(α)dSkj. (79)
Eq. (75) is the special case of (79).
From (79) or (78) one can conclude that P(α) is a vector with semi-metric index, a scalar
in the Riemannian manifold, meaning that it is invariant for general transformation group
(a) and covariant for orthogonal transformation group (σ). With appendix IV we prove that
under general circumstances, λi(α) can be either uniquely determined by Einstein equation
and coordinate conditions or related to each other by a orthogonal transformation L(αβ).
From (79), (73) and (72), P(α) corresponding to two sets of λi(α) are related by
P ′(α) = L(αβ)P(β) (80)
where L(αβ) is an orthogonal matrix independent of x. For a closed system, P(α) is only
determined by the value of vkj(α) on the hypersurface S at infinity. With (13), (14) and
discussion in Sec. II, we know that the orthogonal transformation (80) independent of x is
just the Lorentz transformation. Since P(α) is a conserved quantity for a closed system, the
system can move inertially only. It is well-known that inertial systems are related by Lorentz
transformation, which is the physical meanning of 4-momentum expressed by semi-metric
index and transformation (80).
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From above discussions one can find that energy-momentum tensor (76), energy-
momentum conservation law (77), and 4-momentum (78), (79) are strictly generally co-
variant for arbitrary coordinates in the Riemannian manifold. Therefore, for the total en-
ergy of closed systems we will obtain the reasonable results in either spherical coordinates
or any other non-quasi-Galilean coordinates. Moreover, since the 4-momentum related to
ti(α) includes only gravitational field without the inertial part, t
i
(α) and the corresponding 4-
momentum always vanish in the vacuum without matter and gravitational field in arbitrary
coordinates. At last, ti(α) decays into zero by 1/r
4 at infinity which guarantees the existence
of conserved quantities. Therefore, our theory overcomes the difficulties of conservation laws
proposed by Einstein, Moller and Landau discussed in the introduction.
IV. A SIMPLE EXAMPLE
Finally we check our theory by a simple example. The metric with spherical distribution
of matter can be solved strictly from Einstein equation (3). Let’s calculate the total energy
of such a system. In this case due to gik = 0 with i 6= k, let’s denote
gii = H
2
i , g
ii =
1
H2i
,
√
g = H1H2H3H4, (81)
then we have with (8)
λi(i) = Hi, λ
i
(i) =
1
Hi
, λi(α) = λi(α) = 0, at i 6= a, (82)
− dS2 = gikdxidxk = H2i
(
dxi
)2
. (83)
Substituting (82) to (27) and (28), one obtains the Ricci coefficients
η(αβγ) =
1
4HαHβHγ
{
∂
∂xβ
[
H2α +H
2
γ
]
δαγ −
∂
∂xγ
[
H2α +H
2
β
]
δαβ
}
(84)
where the repeated indices don’t sum (From now on, all summation will be indicated ex-
plicitly)
η(α) =
1
2
4∑
i=1, i 6=a
1
HαH2i
∂H2i
∂xa
. (85)
From (75) P(α) is only related to the value of v
kj
(α) at infinity, i.e. only related to Hi at infinity.
For a spherical symmtric distribution of matter, gik or Hi can be obtained at large distance
r
− dS2 =
(
1 +
2kM
c2r
)(
dx21 + dx
2
2 + dx
3
3
)
+
(
1− 2kM
c2r
)
dx24, (86)
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x4 = ict, r
2 = x21 + x
2
2 + x
2
3,
where M is the total mass of the system. Then we find
H21 = H
2
2 = H
2
3 = 1 +
2kM
c2r
, H24 = 1−
2kM
c2r
. (87)
Substituting (87) to (84) and (85) and using (72) and (74) one obtains
v41(4) = −
c2M
4pi
x1
H1r3
,
v42(4) = −
c2M
4pi
x2
H1r3
,
v43(4) = −
c2M
4pi
x3
H1r3
,
v4j(a) = 0, (α 6= 4) . (88)
With (75) we can calculate
P(4) =
1
ic
∫
S
v4j(4)dSj =
1
ic
∫
S
v4j(4)njdS
=
icM
4pi
∫
1
H1
x2j
r4
dΩ|r→∞ = iMc 1
H1
|r→∞ = iMc,
dΩ = r2 sin θdθdφ, ni =
xi
r
,
P(a) = 0, when a 6= 4. (89)
i.e
P(α) = iδ(α4)Mc. (90)
Since
P(4) = i
E
c
,
we obtain
E = Mc2,
which is correct answer for the system.
Based on our theory, we also calculated many-body problems and the radiation of gravi-
tational field and obtained the reasonable results, which will be presented elsewhere.
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Appendix I
Due to (
Rki −
1
2
δki R
)
k
=
8pik
c4
(
T ki
)
k
= 0,
we have (
T ki
)
k
=
1√
g
∂
(√
gT ki
)
∂xk
− 1
2
∂gkl
∂xi
T kl = 0.
With (8) and (9) and gkig
kl = δli, the above expression can be rewritten as
∂
(√
gT ki
)
∂xk
=
1
2
√
g
∂gkl
∂xi
T kl = −√g∂λ
l
(α)
∂xi
Tl(α).
Substituting (37) to above equation, with (33) we find
∂
∂xk
(
[Lλ]λi
(α)
λk(α)
)
= − [Lλ]λl
(α)
λl(α)i. (I1)
Appendix II
Since Lλ is generally covariant, i.e. it is invariant under general transformation (a), it is
also invariant for translation
xi′ = xi + ai, i = 1, 2, 3, 4,
where ai is infinitesimal translation parameters independent of x, i.e
δxi = ai,
∂δxi
∂xl
= 0.
With (52) we find
∂
∂xk
{(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
+ [Lλ]λi
(α)
λk(α)
}
= 0. (II1)
which is the Einstein-Tolman’s conservation law in the semi-metric representation.
From (II.1) and (52) we have an important relation{(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
+ [Lλ]λl
(α)
λk(α)
}
∂δxl
∂xk
= − ∂
∂xj
[
∂Lλ
∂λi(α)j
λl(α)
∂δxi
∂xl
]
. (II2)
Since Lλ is generally covariant, it is certainly invariant under the following infinitesimal
orthogonal transformation
xl′ = xl + αlix
i,
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δxl = αlix
i,
∂δxl
∂xi
= αli
where αli is not a function of x. With this tranformation we obtain{(
Lλδ
k
l −
∂Lλ
∂λi(α)k
λi(α)l
)
+ [Lλ]λl
(α)
λk(α)
}
= − ∂
∂xj
[
∂Lλ
∂λl(α)j
λk(α)
]
. (II3)
Substituting (II.3) to (II.1), we have
∂2
∂xj∂xk
[
∂Lλ
∂λl(α)j
λk(α)
]
= 0,
which shows that ∂Lλ
∂λl
(α)j
λk(α) is antisymmetric in indices j and k, i.e.
∂Lλ
∂λl(α)j
λk(α) = −
∂Lλ
∂λl(α)k
λj(α). (II4)
Appendix III
In order for (60) to be valid, T i(β)+t
i
(β) must decay into zero at infinity faster than 1/r
3 (see
ref. [10]). Since T k(β) = λ
i
(β)T
k
i is always zero at infinity far from the matter, it is enough to ask
ti(β) to satisfy above requirement. From (67) t
i
(β) is a product of Ricci coefficients containing
only the first derivative of λi(α) which is proportional to 1/r
2 at infinity. Therefore, ti(β) is
proportional to 1/r4 at infinity which meets the criteria of (60).
Appendix IV: Proof of uniqueness of λi(α)
Since ||gik|| is a symmetric matrix, and all g
(
1...k
1...k
) 6= 0 (k = 1, 2, 3, 4), ||gik|| can be always
decomposed as a product of lower triangle matrix and its transpose [19]
||gik|| = ||λi(α)|| ||λk(α)||T ,
or
gik = λi(α)λ
T
(α)k = λi(α)λk(α), (IV1)
where
||λi(α)|| =


λ1(1) 0 0 0
λ2(1) λ2(2) 0 0
λ3(1) λ3(2) λ3(3) 0
λ4(1) λ4(2) λ4(3) λ4(4)

 . (IV2)
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which shows that there are only 10 nonzero components for ||λi(α)||. When we obtain ten
components of gik by solving Einstein equation and coordinate conditions, we can uniquely
find ten components of λi(α) with (IV.1).
On the other hand, suppose any matrix ||λi(α)|| satisfies
gik = λi(α)λk(β).
Since (IV.1) keeps invariant under orthogonal transformation group (σ) which is determined
by six parameters, we can always choose proper parameters to make λi(α) a lower triangular
matrix [11]. Thefore, any matrix λi(α) satisfying (IV.1) can be related to a lower triangular
matrix via orthogonal tranformation.
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